Gravity Dual for Cyclic Renormalization Group Flow without Conformal Invariance 
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We construct a gravity dual for scale invariant but non-conformal field theories with a cyclic renor- 
malization group flow. A slight modification of our construction gives a gravity dual of discretely 
scale invariant field theories. The underlying gravitational theory breaks the null energy condition. 
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1. INTRODUCTION 

Once there was a myth: scale invariance is equivalent 
to conformal invariance in unitary relativistic quantum 
field theories. It is true in (1+1) dimension under addi- 
tional technical assumptions as proved in [1] [2] . In higher 
dimensions, we had cherished the myth until quite re- 
cently since nobody had presented any convincing coun- 
terexamples. With the lack of counterexamples, they 
have tried to give a proof in higher dimension, and have 
gained some insights J3|] J4| [5J] , but the proof has never yet 
come. 

It was shown, however, in [6[[7[ that free Maxwell field 
theory in d > 5 is scale invariant but not conformally 
invariant. This is the first example of scale invariant but 
non-conformal fixed point of the renormalization group 
in unitary relativistic field theories, and it was the first 
indication of the end of the myth. In a more recent paper 
3 , it was suggested that in (4 — e) dimension, scalar field 
theories coupled with fermions may show scale invariance 
but non-conformal invariance at two-loop order. The lat- 
ter example is qualitatively different from the former not 
only because it is interacting but the theory claims to 
show a cyclic behavior along the renormalization group 
flow. In their example, the naive scale transformation 
must be accompanied with the field space rotation to 
construct the conserved scale transformation current. 

The cyclic behavior of the renormalization group flow 
is of theoretical interest. The possibility was suggested in 
earlier literatures of the renormalization group (see e.g. 
[9( ) , but a concrete example had never been found in rel- 
ativistic field theories. The belief in the non-existence of 
such a behavior is tightly related with the "c-theorem" 
[ij: there exists a monotonically decreasing function 
along the renormalization group flow, which remains an- 
other myth in relativistic quantum field theories in higher 
dimensions [10( • The proposed example [8[ , if true, seems 
to open a novel possibility of the renormalization group 
flow, and would completely change our understanding of 
the renormalization group. Thus, it would be extremely 
important to find more concrete and conclusive examples. 
Searching for a gravity dual description via holography 
seems to be one approach we can take, which is comple- 
mentary to the perturbativc field theory analysis. The 
goal of this paper is provide such a gravity dual example. 



The possibility to construct a gravity dual for scale 
invariant but non-conformal field theories was pursued 
in ll| |l2| 13( (see 14 for a review) . The conclusion is it 



is a no-go within the conventional Einstein gravity (with 
possible higher derivative corrections) unless we violate 
the strict version of null energy condition. The scale 
invariance dictates that the metric must be AdS, and a 
possible violation in the matter sector then violates the 
energy condition. 

As a consequence, in our search for the gravity dual, we 
dare to abandon the null energy condition. At the sacri- 
fice of the energy condition, we will succeed in construct- 
ing a gravity dual for scale invariant but non-conformal 
field theories with a cyclic renormalization group flow. A 
qualitative feature of our model may be compared with 
the (4 — e) dimensional field theory construction of [8( . 

It turns out that a slight modification of our construc- 
tion also gives a gravity dual for discretely scale invariant 
field theories. The dual field theory is invariant under the 
scale transformation Xi — > e x Xi, but with a discrete set 
of numbers A (obviously A here forms a discrete Abclian 
group Z). As far as we know, there have been no rela- 
tivistic field theories that show such a behavior (we note 
that in the non-rclativistic setup, the existence of a cyclic 
renormalization group flow is established and the gravity 



dual was studied e.g. in [15( [16| (17| ) . Our gravity con 



struction suggests that such a theory may be realizable, 
and it should share the same status of generic scale in- 
variant but non-conformal field theories in the landscape 
of relativistic field theories, like the site of Troy whose 
existence had been dubious but turned out to exist. 

The organization of the paper is as follows. In section 
2, we extend our previous model of a gravity dual for 
scale invariant but non-conformal field theories, and in- 
vestigate more generic solutions. We show that these so- 
lutions correspond to scale invariant but non-conformal 
field theories with a cyclic renormalization group flow. 
We further show that a slight modification of our con- 
struction gives a gravity dual of discretely scale invariant 
field theories. In section 3, we discuss several physical 
aspects of our gravity description, and suggest possible 
future studies. 



2. CONSTRUCTION OF GRAVITY DUAL 

Our construction of a gravity dual for scale invariant 
but non-conformal field theories with a cyclic renormal- 
ization group flow is based on the generalization of the 
model studied in [flj. The salient feature of the model 
that we will exploit here is that a certain non-trivial pro- 
file of the matter does not source the energy-momentum 
tensor. Such a property is inconsistent with the strict 
null energy condition, but as shown in 12 1 13[, the vi- 
olation is necessary to construct the scale invariant but 
non-conformal field theories within the conventional Ein- 
stein gravity. 



2.1 Model 

The model is based on the d + 1 dimensional Einstein 
gravity with a negative cosmological constant A coupled 
with a complex valued 1-form field A = A^dx^. The 
action is given by 
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where we have chosen the Maxwell-like kinetic term for 



the complex valued 1-form field with F t 
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The vacuum solution of the Einstein equation is given 
by the AdS space (i = 1, • • • d) 



ds 2 = 



dz 2 + dxidx 1 
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We arrange the coefficients in the potential g n so that 
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with non-zero a is a solution of the equation of motion. 
It is easy to see that the field configuration ([3]) does not 
source the energy-momentum tensor and the AdS space 
is still a solution of the Einstein equation. 

The field configuration ([3]) is invariant under the scale 
transformation (z,Xi) — > (e x z,e x xi) with real A, but is 
not invariant under the isometry transformation (Sz = 
2(v : >Xj)z,5x l — 2(yixj)x % — (z 2 + x^Xj)v % ) correspond- 
ing to the special conformal transformation with the in- 
finitesimal parameter Vi . In this way, this model with the 
particular solution ([3]) represents a gravity dual for scale 
invariant but non-conformal field theories [11| . 

Our model admits more general solutions than ([3j). In- 
deed 
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(4) 



for any real 9 solves the equation of motions in the AdS 
space. The solution is not invariant under the geometric 



scale transformation (z,Xi) — > (e x z,e x Xi), but it trans- 
forms the 1-form field as A — > Ae . In the following 
discussion, the phase shift under the scaling transforma- 
tion plays a significant role. On the other hand, under 
the special conformal transformation, the 1-form field A 
does not transform nicely, so the dual field theory must 
break the special conformal invariance. 



2.2 Geometry and field theory interpretations 

As we have seen, the general solutions (|4|) are not in- 
variant under the simple geometric scaling transforma- 
tion, but we would like to argue that we can augment the 
internal symmetry transformation to cancel the phase to 
recover the scale invariance. The situation depends on 
the internal symmetry in three cases: 

(A) The internal symmetry is global. Suppose that 
the action has a global phase rotation symmetry for 
the 1-form field A — >• e**A The simple action (TTJ) in- 
deed possesses this symmetry. Then, we can undone the 



phase shift A 



jex 



A associated with the scale trans- 



formation (z, Xi) — > (e A z, e^Xi) by the global phase rota- 
tion. Thus, the model is invariant under the combined 
symmetry of the geometric scale transformation and the 
global phase rotation. Note that under the global sym- 
metry transformation, non-trivial states are transformed 
to equivalent states, but the new states are not identi- 
cal to the original ones. Therefore, the scaling trans- 
formation gives a translation along the renormalization 
group trajectory, and the renormalization group trajec- 
tory here is cyclic, given by the phase rotation in the 
field space. This precisely corresponds to the scale in- 
variant but non-conformal cyclic renormalization group 
trajectory proposed in [8(. 

Our model has a parameter 9 which is not fixed. Thus, 
our model shows a class of cyclic renormalization group 
trajectories parametrized by 9. For a given 9, the physics 
is the same along the cyclic renormalization group tra- 
jectory as the scale invariance suggests, but for each 
9, the theory and the renormalization group flow pos- 
sesses different physical properties: 9 determines how 
much the field rotation is mixed with the scale trans- 
formation. In other words, the parameter 9 is an exactly 
marginal deformation of the dual scale invariant but non- 
conformal field theories. In this sense, our model has a 
two-dimensional fixed "plane" under the renormalization 
group rather than the fixed "loop" in the model of |8| . We 
note, however, that we may always modify and tune the 
higher derivative terms in the kinetic term of the action 
(fT]) so that only a specific value of 9 solves the equation of 
motion. As a result, the existence of the extra parameter 
9 is not always necessary in the gravity construction. 

We may want to compare the qualitative features of 
our model with the one studied in |8| from the pertur- 
bativc field theory perspective. For instance, the com- 



putation of correlation functions via GKPW prescription 
does not give a simple scaling correlation functions for 
the operator dual to A^, but we have to rotate the basis 
of the operator along the renormalization group flow to 
make it manifestly scale invariant. This is completely in 
agreement with the cyclic behavior of the renormaliza- 
tion group flow studied in [8[ . 

Our cyclic renormalization group trajectory does not 
violate the gravitational analogue of c-theorem 18l| 19J 
but only marginally: the central charge is not monoton- 
ically decreasing but rather it stays constant. Since the 
effective vacuum energy retains the same value along the 
cyclic renormalization group flow along the z direction, 
the gravitational central charge remains the same. This 
is expected because the scale invariance dictates that the 
two-point function of the energy-momentum tensor must 
scale and its coefficient must be independent of the scale. 
We, nevertheless, point out that our model violates the 
null energy condition that is relevant for the derivation of 
the gravitational c-theorem. Therefore, it is not obvious 
whether the gravitational c-theorem still holds once we 
stay away from the scale invariant renormalization group 
trajectory. 

(B) The internal symmetry is local. When the phase 
rotation symmetry of the 1-form field is a gauge sym- 
metry, the discussion becomes slightly different from the 
global case discussed in (A). The local gauge invariance 
introduces the additional vector potential V = V^dx^ 
which transforms as V — > V + da under A — > e la A. To 
understand the scale invariance, we can always undone 
the phase shift A — > e l9X A associated with the geomet- 
rical scale transformation (z,Xi) — > (e x z,e x Xi) by the 
gauge transformation A — > e la A. Unlike the global sym- 
metry case discussed in (A), however, the scale transfor- 
mation gives the physically identical states to the original 
ones due to the gauge identification, so the renormaliza- 
tion group flow has a fixed point for every 9, and docs 
not show the cyclic behavior. Thus, we have a gravity 
dual description of scale invariant but non-conformal field 
theories sitting at the scale invariant fixed point. 

Alternatively, we can fix the gauge so that (|4]) becomes 
A = a^f, with a non-zero gauge field V = — 9^f. The 
field configuration is essentially same as the one studied 
in [11], and it is scale invariant, but not conformally in- 
variant. With this picture, it is obvious that it does not 
show a cyclic behavior. The parameter plays a role of 
the moduli, and a different 9 describes a different scale 
invariant but non-conformal fixed point. 

(C) The continuous internal symmetry does not ex- 
ist. It is possible that via quantum gravity effects, the 
continuous symmetry may get broken to its discrete sub- 
group. Or, from the beginning there is no logical reason 
to impose the internal symmetry for the 1-form vector 
field as long as (jlj is a solution of the equation of mo- 
tion. A key observation is that even if the continuous 
symmetry did not exist, the field configuration (jj) would 



be invariant at least under the discrete scale transforma- 
tion for 9X G 2-7rZ. Thus, the dual field theories must 
be invariant (only) under the discrete scale transforma- 
tion. Obviously, the conformal invariance is broken there. 
We note that there is no analogue of the Zamolodchikov- 
Polchinski theorem (and its higher dimensional conjec- 
ture) for the discrete scale invariance. 

This opens up a new class of renormalization group 
structure (i.e. the discrete scale invariance), so it is worth 
studying some details of its implication from the dual 
gravity perspective. As a toy example, let us couple our 
model ([1} with a scalar field cf> via the interaction that 
breaks the continuous phase rotation symmetry 
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Note that at <f> = 0, the field configuration (Q| still solves 
the equations of motion, but the interaction now breaks 
the continuous scale symmetry down to its discrete ver- 
sion 9\ G 7rZ, so the dual field theory must be only in- 
variant under the discrete scale transformation. 

We would like to study the correlation functions of 
the boundary operator 0{x) which is dual to the scalar 
4> by using the standard GKPW prescription. It must 
show discrete scale invariance in their behavior. We will 
demonstrate it for the three-point function. It can be 
computed order by order in e. The first order term (up 
to an overall normalization constant which we will not 
care) is given by 

(0( Xl )0(x 2 )0(x 3 )) ~ ea 2 J ^f cos(20 log z) 
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Indeed, we can check that the expression scales under 
the discrete scale transformation Xi — > e x Xi, only when 
8X G 7rZ (as ~ e~ 3AA ), and the continuous scaling invari- 
ance (as well as the conformal invariance) of the three- 
point function is explicitly broken in this expression. In 
general, we expect that the three-point functions of the 
discretely scale invariant field theories are given by 



(0(x 1 )0(x 2 )0(x 3 )) = 

y^ /aiA 2 a 3 Qei - x 2 ,x 2 - x 3 ,x 3 - Xi) 
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with a discretely scale invariant function 
JA 1 A 2 A 3 (e A xi,e A X2,e A 2;3) = fA 1 A 2 A 3 (xi,x 2 ,x 3 ) for 
9X G 7rZ with symmetric indices A*, which is consistent 
with the gravity dual behavior (|6]). We conclude that 
our model is able to provide a gravity dual of discretely 
scale invariant field theories. 



Note that the discrete scale invariance docs not re- 
quire the existence of any conserved current, so the con- 
dition for such a symmetry is much weaker than that 
for the continuous scale invariance or conformal invari- 
ance. Thus, naively we might expect that such examples 
are ubiquitous, although in reality they seem very scarce. 
We have not been aware of any argument that the dis- 
crete scale invariance is impossible in field theories (for 
instance, the behavior of the three-point function ([7|) is 
completely consistent with the axioms of unitary rela- 
tivistic field theories unless f(x) is too wild) except for 
possible conflict with the c-thcorcm, and we believe that 
this gravity example can be regarded as the first existence 
proof. 



3. DISCUSSION AND CONCLUSION 



the obtained equations of motion are based on a particu- 
lar ansatz in a particular gauge. It would be interesting 
to pursue this problem further. 

Finally, it is interesting to look for supersymmetric ex- 
tensions. Indeed, Nahm's classification [22| dictates that 
there is no superconformal algebra in d > 7 (unless we 
circumvent the Coleman-Mandula theorem). Thus, non- 
trivial interacting supersymmetric scale invariant field 
theories in higher dimension than seven, if any, cannot 
be conformally invariant while preserving the supersym- 
metry. The construction of such a gravity dual would be 
challenging. 

We hope that a further study of this subject will de- 
mystify the myth: scale invariance is equivalent to con- 
formal invariance in unitary relativistic field theories. 



In this paper, we have studied a gravitational realiza- 
tion of scale invariant but non-conformal field theories 
with a cyclic renormalization group flow. We also have 
shown that a slight modification of the model gives a 
gravity dual of discretely scale invariant field theories. 
All these field theories sound exotic but we do not know 
any convincing argument against them. 

In order to realize scale invariant but non-conformal 
field theories from the holography, we have to break the 
strict version of the null energy condition. We do not 
know whether the violation of the null energy condi- 
tion leads to pathology of our model, in particular upon 
quantization. Our starting action (fTI) is related to the 
(gauged) ghost condensation (see |ll|), and it would be 
important to see how it is really consistent as a theory 
of quantum gravity, and whether it is possible to real- 
ize them in string theory. In the Euclidean signature, at 
the sacrifice of the reflection positivity, we can establish 
the background that shows mixing between the geometric 
scale transformation and the internal rotation within the 
string theory [20( • Note that even if the violation of the 
null energy condition were pathological in the Lorentzian 
signature, our model would be perfectly fine in the Eu- 
clidean signature. 

One way to avoid the no-go theorem is to use non- 
Einstein type gravitational theory. An interesting exam- 
ple is higher spin gauge theory. For our purpose, we note 
that a realization of the gravity dual of a free scalar field 
theory w as p roposed in terms of the higher spin gauge 
theory in [2l[ . A simple generalization is possible by con- 
sidering free Maxwell theory instead of the free scalar. As 
shown in [6[ [7J , the theory is scale invariant but not con- 
formally invariant when d > 5. Clearly, the correspond- 
ing dual higher spin gauge theory is only invariant under 
scale isometry but not invariant under the special con- 
formal transformation. This can be explicitly checked at 
the level of equations of motion. It is, however, difficult 
to understand the underlying covariant theory because 
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